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EC 2026 Tutorial



At a glance

• Lot of research in the topic, very central to EC community

• Important connections with different areas (dynamics, games, 
complexity, online learning, economics, forecasting)

• We tried to systematize the main trends we observe and paint open 
questions / areas of opportunity
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Online notes

• We put together 
notes for the tutorial

• Available online at
ec26-phi-regret-
tutorial.github.io 
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Online notes

• We have both an
HTML and a PDF
version

• Feel free to report 
issues or open pull 
requests on GitHub!
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Introduction
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Online learning and regret minimization

Strategy set 𝑋

For rounds 𝑡 = 1, … , 𝑇:

• Learner chooses strategy 𝒙𝑡 ∈ 𝑋

• Environment chooses utility 𝒖𝑡 ∈ 0,1 𝑛

• Learner observes 𝒖𝑡, gets utility 𝒖𝑡 , 𝒙𝑡
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How to measure performance in this online setting?



Online learning and regret minimization

Strategy set 𝑋

For rounds 𝑡 = 1, … , 𝑇:

• Learner chooses strategy 𝒙𝑡 ∈ 𝑋

• Environment chooses utility 𝒖𝑡 ∈ 0,1 𝑛

• Learner observes 𝒖𝑡, gets utility 𝒖𝑡 , 𝒙𝑡
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max
𝒙∈𝑋 

෍

𝑡=1

𝑇

⟨𝒖𝑡 , 𝒙 − 𝒙𝑡⟩

External regret

Always easy to guarantee sublinear: 
projected gradient descent

Leads to convergence to coarse 
correlated equilibria!

How to measure performance in this online setting?

𝑥𝑡 

𝑥𝑡+1 

𝑋
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External regret is not strong enough

𝑡 = 1 𝑡 = 2

• This learner has zero external regret
• However, there is a “simple” 

behavior modification that would 
be profitable for the learner

• Can we call this learner rational?

𝑡 = 𝑇
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External regret is not strong enough

𝑡 = 1 𝑡 = 2

• This learner has zero external regret
• However, there is a “simple” 

behavior modification that would 
be profitable for the learner

• Can we call this learner rational?

Φ-regret formalizes the meaning of 
behavior modification and hindsight 

rationality

𝑡 = 𝑇



Pitfalls of external regret

• Coarse correlated equilibria 
can be supported on strictly 
dominated actions (Viossat 
and Zapechelnyuk; JET 2013)
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• No-external-regret 
algorithms can be 
manipulated (Deng, 
Schneider, and Sivan; 
NeurIPS 2019)

• No-external-regret 
algorithms can lead to 
collusive outcomes (Nisan 
and Zerah; 2026, Hartline, 
Wang, and Zhang; CSL 2025)



Beyond external regret
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Larger Φ
Stronger notion 

of learning
Stronger notion 

of equilibrium

Swap regret: Φ = all transformations 𝑋 →  𝑋.

max
𝜙∈Φ 

෍

𝑡=1

𝑇

⟨𝑢𝑡 , 𝜙(𝑥𝑡) − 𝑥𝑡⟩

For a set of transformations Φ on 𝑋,

The learner experiences no regret with 
respect to behavior modifications per Φ

External regret: Φ = all constant transformations 𝑋 →  𝑋.

Φ regret



Beyond external regret
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Larger Φ
Stronger notion 

of learning
Stronger notion 

of equilibrium

What is the largest Φ that is tractable in all games?

Swap regret: Φ = all transformations 𝑋 →  𝑋.

max
𝜙∈Φ 

෍

𝑡=1

𝑇

⟨𝑢𝑡 , 𝜙(𝑥𝑡) − 𝑥𝑡⟩ The learner experiences no regret with 
respect to behavior modifications per Φ

External regret: Φ = all constant transformations 𝑋 →  𝑋.

Φ regret

For a set of transformations Φ on 𝑋,
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Normal-form games

External Swap

Easy

𝑇

Easy

𝑇

Coarse correlated 
equilibrium

Correlated 
equilibrium

𝑋 = Probability simplex

[E.g., Blum and Mansour; JMLR 2007]
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Normal-form games

External Swap

Easy

𝑇

Easy

𝑇

Coarse correlated 
equilibrium

Correlated 
equilibrium

𝑋 = Probability simplex

[E.g., Blum and Mansour; JMLR 2007]

In most settings, the number of pure 
strategies is exponential
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Sequential games

External Swap

Easy

𝑇
Hard to online learn 

at meaningfully 
sublinear rate

𝑋 = Sequence-form polytope

[DFGSZ; 2025]
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Sequential games

External Swap

Easy

𝑇
Linear 

transformations
(Coarse) trigger 

deviations
Polynomial swap

𝑇 𝑇 𝑇

Extensive form 
(coarse) 

correlated eq.

Linear 
correlated eq.

𝑋 = Sequence-form polytope

[FCMG; JACM 2022]
[FP; NeurIPS 2023]

[ZAFS; NeurIPS 2024]

Hard to online learn 
at meaningfully 
sublinear rate

[DFGSZ; 2025]
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External Swap

The general case

Easy

Q1: What is the strongest notion of Phi-regret that is 
easy to keep under control efficiently?

𝑇

?

Q2: What is the strongest notion of Phi-equilibrium 
that can be computed efficiently?

𝑋 convex and compact

(Oracle access)
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GGM’s construction

Reduces: Φ-regret minimization on 𝑋 → external regret minimization on Φ

GD(Φ)
𝜙𝑡 𝑥𝑡 = 𝜙𝑡 𝑥𝑡 ∈ 𝑋𝑢𝑡 ⊗ 𝑥𝑡

𝑢𝑡

[Gordon, Greenwald and Marks; ICML 2008]

Fixed point oracle2

Regret minimizer
for Φ

1

Φ-Regret minimizer for 𝑋 

What is the dimension? Membership oracle?



Blum and Mansour for swap regret
19

The key is to characterize the set of 
endomorphisms Φ

Blum and Mansour; JMLR 2007



Blum and Mansour for swap regret
20

The key is to characterize the set of 
endomorphisms Φ

For swap regret, this is the set 
of stochastic matrices

The fixed point is any stationary 
distribution of the Markov chain

Blum and Mansour; JMLR 2007



Linear swap regret
and semi-separation

21



Linear swap regret

What if Φ contains linear 
endomorphisms?
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max
𝜙∈Φlinear 

෍

𝑡=1

𝑇

⟨𝑢𝑡 , 𝜙(𝑥𝑡) − 𝑥𝑡⟩

Fixed point oracle



Linear swap regret

What if Φ contains linear 
endomorphisms?
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max
𝜙∈Φlinear 

෍

𝑡=1

𝑇

⟨𝑢𝑡 , 𝜙(𝑥𝑡) − 𝑥𝑡⟩

Regret minimizer
for Φ

Fixed point oracle

Given a linear function, it is computationally hard to 
ascertain whether it maps 𝑋 to 𝑋

We cannot apply the GGM framework

[DFFPS; STOC 2025]
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Semi-separation

As long as 𝜙(𝑡) has a fixed point in 𝑿, we can 
at least run the algorithm

We can perhaps relax the condition of 𝜙(𝑡) being an 
endomorphism, and only check if it admits a fixed point

Given 𝜙, either:
• Assert that 𝜙 has a fixed point in 𝑋; or
• Return a direction separating 𝜙 from Φ

Semi-separation oracle

A nonconvex white on which 
membership is easy

A convex yolk on which 
membership is hard

[DFFPS; STOC 2025]
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Constructing the semi-separation oracle

Given a linear transformation 𝜙, either:
• Assert that 𝜙 has a fixed point in 𝑋; or
• return a direction separating 𝜙 from Φ

Easy for linear transformations: 
start by minimizing 𝜙 𝑥 − 𝑥 2

2

If the minimum is 0, the 𝑥∗ that attains it is 
a fixed point of 𝜙.

Else, it is easy to construct a separating 
direction starting from the quantities
𝑢 ≔ 𝜙 𝑥∗ − 𝑥∗ and p∗ ≔ arg max

𝑝∈𝑋
⟨𝑢, 𝑝⟩

[DFFPS; STOC 2025]
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Using the semi-separation oracle

• At every iteration we use our semi-separation to construct a “shell” ෩Φ𝑡  and a 
candidate projection 𝜙𝑡  

• The algorithm is called shell projection

Key insight: as long as we can justify 𝜙𝑡  as a projected gradient 
descent step onto some convex compact ෩Φ𝑡 ⊇ Φ, regret is minimized

[DFFPS; STOC 2025]
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The algorithm’s idea [DFFPS; STOC 2025]



Manipulability
and swap regret
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Manipulability and swap regret
29

No-external-regret algorithms can be manipulated

Learner Optimizer 

If the optimizer can asymptotically 
improve over it’s Stackelberg value, the 
learner is manipulable

Stack 𝑢𝑜 ≔ max𝒚∈𝑌  max𝒙∈ BR 𝒚  𝑢𝑜(𝒙, 𝒚)

Swap regret guarantees 
non-manipulability!

Deng, Schneider, and Sivan (NeurIPS 2019)



Manipulability and swap regret
30

No-external-regret algorithms can be manipulated

Learner Optimizer 

If the optimizer can asymptotically 
improve over it’s Stackelberg value, the 
learner is manipulable

Stack 𝑢𝑜 ≔ max𝒚∈𝑌  max𝒙∈ BR 𝒚  𝑢𝑜(𝒙, 𝒚)

Swap regret guarantees 
non-manipulability!

Deng, Schneider, and Sivan (NeurIPS 2019)

However, swap regret is intractable…



Profile swap regret
3131

External Swap

Easy

𝑇
Hard to online learn 

at meaningfully 
sublinear rate

[DFGSZ; 2025]

linear swap regret



Profile swap regret

Arunachaleswaran, Collina, Mansour, Mohri, Schneider, and Sivan (EC 2025 best paper!)
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Even in complex strategy sets, such as extensive-form, there 
is an efficient algorithm that guarantees non-manipulability!

32

External Swap

Easy

𝑇
Hard to online learn 

at meaningfully 
sublinear rate

[DFGSZ; 2025]

Profile swap regret

linear swap regret



Profile swap regret via approachability
33

• Simple way to minimize profile 
swap regret via response-based 
approachability!

• Bypasses the GMM framework

• It relies on solving a bilinear 
zero-sum game

Profile swap distance is equal to the loss 
of a suitable approachability instance

Anagnostides, Farina, Fishelson, Luo, and Schneider; COLT 2026 Bernstein and Shimkin; JMLR 2015



Nonlinear deviations
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Beyond linear functions
35

Can we minimize nonlinear notions of regret?

35

External Swap

Easy Hard to online learn 
at meaningfully 
sublinear rate

[DFGSZ; 2025]

linear swap regret

???

profile swap regret

(linear, in a sense)

poly 𝑑 ⋅ 𝑇



𝑘-dimensional deviation sets

Given feature map 𝑞: 𝑋 → ℝ𝑘, define 

Φ𝑞  := {maps 𝜙 ∶ 𝑋 → 𝑋 of the form 𝜙𝐌 𝒙 ≔ 𝐌𝑞(𝑥)   where 𝐌 ∈ ℝ𝑑×𝑘}

Example (degree-ℓ polynomials): 

𝑞 𝒙 = (all monomials in 𝒙 of degree ≤ ℓ) ∈ ℝ𝑑𝑂(ℓ)

36

Recall semi-separation: 
Given a transformation 𝜙, either:
• find a fixed point of 𝜙 in 𝑋, or
• find 𝒙 ∈ 𝑋 with 𝜙 𝒙 ∉ 𝑋

Problem: Computing 
fixed points is hard 
when 𝜙 is nonlinear



Expected fixed points
37

Definition: An 𝜖-expected fixed point of a function 𝜙: 𝑋 → ℝ𝑑  is a distribution 
𝜇 ∈ Δ(𝑋) such that 

𝔼
𝒙~𝜇

𝜙 𝒙 − 𝒙
2

≤ 𝜖

Observation #1: Semi-separation for expected fixed points is easy

Idea: Iterate 𝜙. Set 𝒙1 = arbitrary,  𝒙ℓ = 𝜙 𝒙ℓ−1  for ℓ > 1

Then Unif{𝒙1, … , 𝒙𝐿} is an 𝑂(1/𝐿)-EFP. If any 𝒙ℓ ∉ 𝑋, use it to separate.

Observation #2: The GGM framework only needs EFPs, not actual fixed points

⇒ Theorem [ZATBFCS EC’25]:
Regret minimization is possible on Φ𝑞  even for nonlinear feature map 𝑞!
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External Swap

Easy Hard to online learn 
at meaningfully 
sublinear rate

[DFGSZ; 2025]

linear swap

profile swap

poly 𝑑 ⋅ 𝑇
low-dimensional swap 

𝑘 = poly(𝑑)



TreeSwap
Slightly sublinear swap regret
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TreeSwap

Given: External regret minimizer 𝑅𝑋  on 𝑋 ⊂ 0,1 𝑛 achieving 𝜖𝑀 
regret after 𝑀 steps (e.g., with gradient descent, 𝑀 = poly(𝑑)/𝜖2)

Goal: Build a swap regret minimizer on 𝑋

Idea:

40

Peng & Rubinstein (STOC’24); Dagan, Daskalakis, Fishelson, Golowich (STOC’24)

branching factor = 𝑀

depth = 𝐾 = 1/𝜖

(here 𝐾 = 3)

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋



TreeSwap

Given: External regret minimizer 𝑅𝑋  on 𝑋 ⊂ 0,1 𝑛 achieving 𝜖𝑀 
regret after 𝑀 steps (e.g., with gradient descent, 𝑀 = poly(𝑑)/𝜖2)

Goal: Build a swap regret minimizer on 𝑋

Idea:

41

Peng & Rubinstein (STOC’24); Dagan, Daskalakis, Fishelson, Golowich (STOC’24)

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋𝒙2
1

𝒙1
1

𝒙0
1

𝒖1

Play 𝜇1  ≔ Unif 𝒙0
1  , 𝒙1

1 … , , 𝒙𝐾−1
1

Time: 𝑡 = 1

(Mixed strategy!) 



TreeSwap

Given: External regret minimizer 𝑅𝑋  on 𝑋 ⊂ 0,1 𝑛 achieving 𝜖𝑀 
regret after 𝑀 steps (e.g., with gradient descent, 𝑀 = poly(𝑑)/𝜖2)

Goal: Build a swap regret minimizer on 𝑋

Idea:

42

Peng & Rubinstein (STOC’24); Dagan, Daskalakis, Fishelson, Golowich (STOC’24)

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋𝒙2
1

𝒙1
1

𝒙0
𝑀

𝒖𝑀

1

𝑀
𝒖1 + ⋯ + 𝒖𝑀

Play 𝜇𝑀  ≔ Unif 𝒙0
𝑀 , 𝒙1

0 … , , 𝒙𝐾−1
0

Time: 𝑡 = 𝑀

(Mixed strategy!) 



TreeSwap

Given: External regret minimizer 𝑅𝑋  on 𝑋 ⊂ 0,1 𝑛 achieving 𝜖𝑀 
regret after 𝑀 steps (e.g., with gradient descent, 𝑀 = poly(𝑑)/𝜖2)

Goal: Build a swap regret minimizer on 𝑋

Idea:
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Peng & Rubinstein (STOC’24); Dagan, Daskalakis, Fishelson, Golowich (STOC’24)

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋𝒙2
1

𝒙1
2

𝒙0
𝑀+1

𝒖𝑀+1

Play 𝜇𝑀+1 ≔ Unif 𝒙0
𝑀+1, 𝒙1

1 … , , 𝒙𝐾−1
1

Time: 𝑡 = 𝑀 + 1

(Mixed strategy!) 



TreeSwap

Given: External regret minimizer 𝑅𝑋  on 𝑋 ⊂ 0,1 𝑛 achieving 𝜖𝑀 
regret after 𝑀 steps (e.g., with gradient descent, 𝑀 = poly(𝑑)/𝜖2)

Goal: Build a swap regret minimizer on 𝑋

Idea:
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Peng & Rubinstein (STOC’24); Dagan, Daskalakis, Fishelson, Golowich (STOC’24)

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋 𝑅𝑋 𝑅𝑋

𝑅𝑋

𝑅𝑋𝒙2
𝑀

𝒙1
𝑀2

𝒙0
𝑀3

Play 𝜇𝑀𝐾
≔ Unif 𝒙0

𝑀𝐾
, 𝒙1

𝑀𝐾−1
… , 𝒙𝐾−1

𝑀

Time: 𝑡 = 𝑀𝐾

(Mixed strategy!) 

Intuition: In the GGM framework, 
if 𝜇𝑡 = Unif 𝒙1, … , 𝒙𝐾  let 𝜙𝑡  be the “map” 
that takes 𝒙𝐾−1 ↦ 𝒙𝐾−2 ↦ ⋯ ↦ 𝒙0

• 𝝁𝑡  is an expected fixed point of 𝜙𝑡  
• each value of 𝜙𝑡  is being picked by regret 

minimizer ⇒ Φ-regret is small!   



TreeSwap

Given: External regret minimizer 𝑅𝑋  on 𝑋 ⊂ 0,1 𝑛 achieving 𝜖𝑀 
regret after 𝑀 steps (e.g., with gradient descent, 𝑀 = poly(𝑑)/𝜖2)

Goal: Build a swap regret minimizer on 𝑋

45

Peng & Rubinstein (STOC’24); Dagan, Daskalakis, Fishelson, Golowich (STOC’24)

Theorem: After 𝑀𝐾  iterations with 𝐾 = 1/𝜖, 

(= 𝑑 ෨𝑂(1/𝜖) for all typical choices of 𝑅𝑋),

𝑅𝑋
Swap

𝑇 ≤ 𝑇 𝜖 +
1

𝐾
≤ 2𝜖𝑇

from regret of each 𝑅𝑋

from expected fixed point error 

Nearly-matching lower bound: 
This is basically tight! [DFGSZ, 2024]

Intuition: In the GGM framework, 
if 𝜇𝑡 = Unif 𝒙1, … , 𝒙𝐾  let 𝜙𝑡  be the “map” 
that takes 𝒙𝐾−1 ↦ 𝒙𝐾−2 ↦ ⋯ ↦ 𝒙0

• 𝝁𝑡  is an expected fixed point of 𝜙𝑡  
• each value of 𝜙𝑡  is being picked by regret 

minimizer ⇒ Φ-regret is small!   



Equilibrium computation
46

External Swap

Easy

𝑇

𝑇

log 𝑇

linear swap low-dimensional swap

So far: Online learning

Is the picture the same for 
equilibrium computation? 



Ellipsoid Against Hope

Goal: find 𝜇 ∈ Δ(𝑋) where 𝑋 = 𝑋1 × ⋯ × 𝑋𝑛 s.t.

𝔼
𝒙∼𝜇

෍

𝑖

𝑢𝑖 𝜙𝑖(𝒙𝑖), 𝒙−𝑖 − 𝑢𝑖 𝒙𝑖 , 𝒙−𝑖  ≤ 𝜖 

for all 𝜙1, … , 𝜙𝑛 ∈ Φ ≔ Φ1 × ⋯ × Φ𝑛

47

Originally proposed by Papadimitriou & Roughgarden [JACM’08], since significantly generalized by papers we will cite



Ellipsoid Against Hope

Goal: find 𝜇 ∈ Δ(𝑋) where 𝑋 = 𝑋1 × ⋯ × 𝑋𝑛 s.t.

𝔼
𝒙∼𝜇

෍

𝑖

𝑢𝑖 𝒙−𝑖
⊤𝐌𝑖𝑞𝑖(𝒙𝑖) − 𝑢𝑖 𝒙𝑖 , 𝒙−𝑖  ≤ 𝜖

for all 𝐌1, … 𝐌𝑛 ∈ Φ𝑞 ≔ Φ1
𝑞1 × ⋯ × Φ𝑛

𝑞𝑛

48



Ellipsoid Against Hope

Goal:

     find 𝜇 ∈ Δ(𝑋)     s.t.     𝔼
𝒙∼𝜇

𝐌, 𝐺(𝒙) ≤ 𝜖    for all 𝐌 ∈ Φ𝑞

49



Ellipsoid Against Hope (General form)

Primal: 

find 𝜇 ∈ Δ(𝑋)     s.t.     𝔼
𝒙∼𝜇

𝒚, 𝐺(𝒙) ≤ 𝜖    for all 𝒚 ∈ 𝑌

50

Recall: Semi-separation:
Given a transformation 𝜙, either:
• find an expected fixed point of 𝜙, or
• find 𝒙 ∈ 𝑋 with 𝜙 𝒙 ∉ 𝑋

Dual: 

find 𝒚 ∈ 𝑌   s.t. 𝒚, 𝐺(𝒙) ≥ 𝜖 ∀𝒙 ∈ 𝑋

Dual is infeasible (because primal is feasible with 𝜖 = 0) 
Certificate of infeasibility of dual = primal solution
Idea: Run ellipsoid on the dual!



Semi-separation (General form):
Given 𝒚, either:
• find 𝜇 ∈ Δ(𝑋) with 𝔼

𝒙∼𝜇
𝒚, 𝐺(𝒙) ≤ 𝜖

• return a direction separating 𝒚 from 𝑌

Ellipsoid Against Hope (General form)

Primal: 

find 𝜇 ∈ Δ(𝑋)     s.t.     𝔼
𝒙∼𝜇

𝒚, 𝐺(𝒙) ≤ 𝜖    for all 𝒚 ∈ 𝑌

51

is a separation 
oracle for

Theorem [DFFPS STOC’25, ZATBFCS EC’25]:
log(1/𝜖) semi-separation oracle 
⇒ log(1/𝜖) computation of a primal solution 

“Wait, the EFP oracle 
wasn’t log(1/𝜖)-time!”

Dual: 

find 𝒚 ∈ 𝑌   s.t. 𝒚, 𝐺(𝒙) ≥ 𝜖 ∀𝒙 ∈ 𝑋

Dual is infeasible (because primal is feasible with 𝜖 = 0) 
Certificate of infeasibility of dual = primal solution
Idea: Run ellipsoid on the dual!



Semi-separation (General form):
Given 𝒚, either:
• find 𝜇 ∈ Δ(𝑋) with 𝔼

𝒙∼𝜇
𝒚, 𝐺(𝒙) ≤ 𝜖

• return a direction separating 𝒚 from 𝑌

Ellipsoid Against Hope (General form)

Primal: 

find 𝜇 ∈ Δ(𝑋)     s.t.     𝔼
𝒙∼𝜇

𝒚, 𝐺(𝒙) ≤ 𝜖    for all 𝒚 ∈ 𝑌
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is a separation 
oracle for

Theorem [FP STOC’25, ZATBFCS EC’25]:
log(1/𝜖) semi-separation oracle 
⇒ log(1/𝜖) computation of a primal solution 

“Wait, the EFP oracle 
wasn’t log(1/𝜖)-time!”

Dual: 

find 𝒚 ∈ 𝑌   s.t. 𝒚, 𝐺(𝒙) ≥ 𝜖 ∀𝒙 ∈ 𝑋

Dual is infeasible (because primal is feasible with 𝜖 = 0) 
Certificate of infeasibility of dual = primal solution
Idea: Run ellipsoid on the dual!



log( Τ1 𝜖)-time Expected Fixed Points 

Expected fixed point problem: given function 𝜙 ∶ 𝑋 → 𝑋, 

find     𝜇 ∈ Δ(𝑋)     s.t. 𝔼
𝒙~𝜇

𝜙 𝒙 − 𝒙
2

≤ 𝜖 
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log( Τ1 𝜖)-time Expected Fixed Points 

Expected fixed point problem: given function 𝜙 ∶ 𝑋 → 𝑋, 

find     𝜇 ∈ Δ(𝑋)     s.t.     𝔼
𝒙~𝜇

𝒚, 𝜙 𝒙 − 𝒙 ≤ 𝜖     ∀𝒚 ∈ 𝑌 = 𝐵1(0)
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easy: 𝑌 = 𝐵1 0

𝐺(𝒙)

This problem can be solved with EAH, if we 
can semi-separate:

Given 𝒚, either:
• find 𝜇 ∈ Δ(𝑋) with 𝔼

𝒙∼𝜇
𝒚, 𝜙 𝒙 − 𝒙 ≤ 𝜖, or

• return a direction separating 𝒚 from 𝑌, or
• return a direction separating 𝜙 from Φ



This problem can be solved with EAH, if we 
can semi-separate:

Given 𝒚 ∈ 𝐵1(0), either:
• find 𝒙 ∈ 𝑋        with       𝒚, 𝜙 𝒙 − 𝒙 ≤ 𝜖, or

• return a direction separating 𝜙 from Φ

log( Τ1 𝜖)-time Expected Fixed Points 

Expected fixed point problem: given function 𝜙 ∶ 𝑋 → 𝑋, 

find     𝜇 ∈ Δ(𝑋)     s.t.     𝔼
𝒙~𝜇

𝒚, 𝜙 𝒙 − 𝒙 ≤ 𝜖     ∀𝒚 ∈ 𝑌 = 𝐵1(0)
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Easy! Choose 𝒙 to maximize 𝒚, 𝒙



log( Τ1 𝜖)-time Expected Fixed Points 

Expected fixed point problem: given function 𝜙 ∶ 𝑋 → 𝑋, 

find     𝜇 ∈ Δ(𝑋)     s.t.     𝔼
𝒙~𝜇

𝒚, 𝜙 𝒙 − 𝒙 ≤ 𝜖     ∀𝒚 ∈ 𝑌 = 𝐵1(0)
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Theorem [ZATBFCS EC’25]:
Semi-separation with EFPs can be done in pol𝑦(𝑑, log 1/𝜖 ) time

Theorem [ZATBFCS EC’25]:
Φ𝑞-equilibria with 𝑞𝑖 ∶ 𝑋𝑖 → ℝ𝑘  can be computed in 

pol𝑦(𝑑, 𝑘, log 1/𝜖 ) time 

Caveat: Only works for linear utilities! Concave (nonlinear) games are at least as 
hard as fixed points of contractions [ADFGSZ preprint’26]



Φ-Equilibrium Computation
57

External Swap

Easy

polylog(𝑑, 1/𝜖)

linear swap
low-dimensional swap 

𝑘 = poly(𝑑)

Is the picture the same for 
equilibrium computation? Yes!

???

Major open question:
What is the complexity of equilibrium 
computation with swap deviations 
(“normal-form correlated equilibria”)? 

…as far as we know



The connection with 
multicalibration

58



Multicalibration and Phi-Regret
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• Gordon, Greenwald and Marks [GGM08] centers around the 
algorithmic primitive of fixed points

• There exists a different route to the same destination that passes 
through forecasting [Farina and Perdomo, 2026]

One can construct a Φ-regret minimizer starting from a powerful enough 
multicalibrated forecaster of the upcoming utility, and best respond to such forecast

In turn, the task of constructing such a forecaster admits a reduction to online 
learning in the style of Gordon-Greenwald-Marks, with expected variational 

inequalities replacing expected fixed points as the nonlinear optimization primitive



Multicalibration and Phi-Regret
60

Alternative route,
several advantages



Multicalibration

Black box
Randomized 
prediction 𝑝𝑡~𝜇𝑡

sup
ℎ∈𝐻

෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
ℎ 𝑥𝑡, 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)Natural regret-like 
quantity

Set of tests
Adversary tries to tell apart real 𝑦𝑡

from prediction 𝑝𝑡

Context 𝑥𝑡 ∈ ℝ𝑚 Output 𝑦𝑡 ∈ Ω



From Multicalibration to Online Learning

At every step t:

1. Nature reveals context 𝑥𝑡

2. Regret minimizer picks the next test ℎ𝑡 ∈ 𝐻

3. Using ℎ𝑡  the learner produces 𝜇𝑡  such that no matter 𝒚

𝔼𝑝𝑡~𝜇𝑡
[ℎ𝑡 𝑥𝑡 , 𝑝𝑡

𝑇 𝑦𝑡 − 𝑝𝑡 ] ≤ 0

4. Nature reveals the true outcome 𝑦𝑡, regret minimizer incurs linear 
loss

𝑓𝑡 ℎ ≔ −𝔼𝑝𝑡~𝜇𝑡
[ℎ 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)]

Learner solves an Expected 
variational inequality (EVI)



Proof Sketch

• For any test ℎ ∈ 𝐻, we want to bound

Gap ≔ ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[ℎ 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)]

• Observe:

Gap ≤ ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[ℎ 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)] − 𝔼𝑝𝑡~𝜇𝑡
[ℎ𝑡 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)]

≤ 0 by EVI
=  ෍

𝑡

𝑓𝑡 ℎ − 𝑓𝑡 ℎ𝑡 = Regret over 𝐻

Special case I:  Multiplicative Weights ⟹ Regret ≤ 𝑇 log |𝐻|

Special case II: OGD on RKHS ball ⟹ Regret ≤ 𝑇 poly(𝑑, 𝑟)



Proof Sketch

• For any test ℎ ∈ 𝐻, we want to bound

Gap ≔ ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[ℎ 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)]

• Observe:

Gap ≤ ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[ℎ 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)] − 𝔼𝑝𝑡~𝜇𝑡
[ℎ𝑡 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)]

≤ 0 by EVI
=  ෍

𝑡

𝑓𝑡 ℎ − 𝑓𝑡 ℎ𝑡 = Regret over 𝐻

Fact: EVIs can always be solved efficiently provided oracle access to the 
domain Ω and to evaluation of ℎ𝑡. In fact, we can 𝜖-solve them in 
𝑂(poly d log 1/𝜖) time!



Proof Sketch

• For any test ℎ ∈ 𝐻, we want to bound

Gap ≔ ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[ℎ 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)]

• Observe:

Gap ≤ ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[ℎ 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)] − 𝔼𝑝𝑡~𝜇𝑡
[ℎ𝑡 𝑥𝑡 , 𝑝𝑡

𝑇(𝑦𝑡 − 𝑝𝑡)]

≤ 0 by EVI
=  ෍

𝑡

𝑓𝑡 ℎ − 𝑓𝑡 ℎ𝑡 = Regret over 𝐻

⟹  Theorem: As long as we know how to do regret minimization on 𝐻 and 
optimize over Ω, we can efficiently achieve outcome indistinguishability!



From Phi-Regret to Multicalibration

• Forecaster forecasts the next utility and best-responds to it

• Let 𝜎(𝑝𝑡) ∈ arg max 𝑝𝑡
𝑇𝑥 be a best-response to the prediction

• 𝑥𝑡  is the pushforward of the prediction distribution 𝜇𝑡  under 𝜎

• Main observation:

෍

𝑡

𝔼𝑥𝑡
[𝑢𝑡

𝑇(𝜙 𝑥𝑡 − 𝑥𝑡)] = ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[𝑢𝑡

𝑇(𝜙 𝜎 𝑝𝑡 − 𝜎 𝑝𝑡 )]

66

≤ ෍

𝑡

𝔼𝑝𝑡~𝜇𝑡
[ 𝑢𝑡 − 𝑝𝑡

𝑇(𝜙 𝜎 𝑝𝑡 − 𝜎 𝑝𝑡 )]

Multicalibration tests 
ℎ 𝑝𝑡



From Phi-Regret to Multicalibration
67

⟹  Theorem: Best responding to a forecaster that is multicalibrated 
with respect to all tests of the form

𝑝𝑡 ↦ 𝜙 𝜎 𝑝𝑡 − 𝜎 𝑝𝑡  for 𝜙 ∈ Φ

guarantees Φ-regret minimization 

Can think of this as a generalization of Foster and Vohra [1997]

⟹ Whenever 𝜙 spans a subset of a low-dimensional ball of functions, 
then so does the set of multicalibration tests we care about



Example: Linear Swap Regret via 
Multicalibration
• Consider again the task of constructing a no-linear-swap-regret 

algorithm

68

No need for semi-separation 
machinery

Need a forecaster multicalibrated against tests
𝑝 ↦ 𝐴𝜎 𝑝 − 𝜎 𝑝

where A spans the set of all linear endomorphism

Idea: A is bounded in norm. Might as well construct a 
forecaster multicalibrated wrt

𝑝 ↦ 𝐵𝜎 𝑝
where B spans an appropriately sized matrix ball

We can do so by doing online learning over a ball (e.g., 
gradient descent)!



Conclusions

69



• Important connections with different areas (dynamics, games, 
complexity, online learning, economics, forecasting)

• We tried to systematize the main trends we observe and paint open 
questions / areas of opportunity

• Many open questions remain. What’s the strongest notion of 
rationality that can be guaranteed efficiently?

70

External Swap

Easy Hard to online learn 
at meaningfully 
sublinear rate

linear swap regret

???

profile swap regret

(linear, in a sense)

poly 𝑑 ⋅ 𝑇



Thank you!

• Feel free to report 
issues or open pull 
requests on GitHub!
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Any questions?

https://ec26-phi-regret-tutorial.github.io/

https://ec26-phi-regret-tutorial.github.io/
https://ec26-phi-regret-tutorial.github.io/
https://ec26-phi-regret-tutorial.github.io/
https://ec26-phi-regret-tutorial.github.io/
https://ec26-phi-regret-tutorial.github.io/
https://ec26-phi-regret-tutorial.github.io/
https://ec26-phi-regret-tutorial.github.io/
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